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Cholesteric Liquid Crystals (CLCs), in presence of an external uniform electric field and confined
between two parallel planes with strong homeotropic anchoring conditions, are found to admit
different types of helicoidal solutions with disclinations. Analytical and numerical analysis are
performed in order to characterise their properties. In particular, we produce a phase transition
diagram from the nematic state to the helicoids in terms of the chirality and the strength of the
electric field.
Introduction – New static chiral states are found in
Cholesteric Liquid Crystals (CLCs) which, in presence
of an external uniform electric/magnetic field, are frus-
trated by imposing plane parallel boundary conditions to
the Frank - Oseen free energy with strong homeotropic
anchoring [1–3]. These configurations are similar to
cholesteric fingers (helicoids) with defects of disclination
type [4, 5]. The model is described by the elliptic Sine-
Gordon equation on the strip with discontinuous bound-
ary data. These states are stabilised both by topological
and non-topological conservation laws [6].
In this letter, we classify and describe these configura-
tions by analytical and numerical solutions. In particu-
lar, we discuss a new type of solutions called 2pi-helicoids,
where the director field n (r) rotates by 2pi over the strip.
All these solutions contain disclination type singularities;
accordingly, the evaluation of the static free energy leads
to the introduction of a phenomenological cut off, which,
in turn, determines a critical parameter for the transition
to the nematic uniform state.
In addition to the 2pi-helicoids, we also find pi-helicoids,
where the director n (r) only performs a single twist over
the strip. Transitions from the uniform nematic state to
2pi- and pi-helicoids are represented in the phase space of
the spontaneous chiral twist and electric strengths.
The model – We consider a static CLC layer, confined in
between two identical planar surfaces placed at z = ±L2 ,
and extending to infinity in the orthogonal directions
(x, y) in a suitable cartesian reference system (O, x, y, z),
with orthonormal basis vectors x,y, z. The system
is described by the uni-modular director field n (r) =
(sin θ(r) cosφ(r), sin θ(r) sinφ(r), cos θ(r)) ∈ RP2, due to
the Z2 symmetry of the microscopic model [7], and gov-
erned by the Frank-Oseen free energy density
EFO = K1
2
(∇ · n)2 + K2
2
(n · ∇ × n− q0)2
+
K3
2
(n×∇× n)2 + (K2 +K4)
2
∇ · [(n · ∇)n
− (∇ · n)n]− ε
2
(n ·E)2 , (1)
where q0 is the spontaneous chirality constant of the
cholesteric phase, while the positive reals Ki denote the
splay, twist, bend and saddle-splay Frank elastic con-
stants, respectively, for which we use the simplifying one
constant approximation K = K1 = K2 = K3, K4 = 0.
The last term represents the energy density interaction
with an external static electric field E = E z, which is
assumed to be uniform.
At the bounding surfaces, we impose
strong homeotropic anchoring conditions, i.e.
n
(
x, y, z = ±L2
)
= z.
Both E and the confinement break the general ro-
tational and translational symmetry along the z direc-
tion of the fundamental cholesteric helices, i.e. n (r) =
(0, sin q0x, cos q0x). Hence, cholesteric helices are de-
formed, possibly leading to extended structures called he-
licoids, or to localized cholesteric bubble domains, called
spherulites, which have been considered in [8, 9].
The special symmetry reduction (constant φ = −pi/2
and y invariance)
n (r) = (0,− sin θ (x, z) , cos θ (x, z)) , (2)
for the director field leads to the cholesteric finger phase
with its axis along the x direction and it simplifies the
Frank-Oseen energy (1) to
EFO−2d =
K
2
∫ L
2
−L2
dz
∫ ∞
−∞
dx
[
(∂xθ(x, z))
2
+ (∂zθ(x, z))
2
+2q0∂xθ(x, z) +
εE2
K
sin2 θ(x, z)
]
. (3)
The corresponding equilibrium equation is the elliptic
sine-Gordon,
∂2xΘ + ∂
2
zΘ = Λ
2 sin Θ, Θ = 2θ, Λ =
√
ε
K
E. (4)
The solutions in the plane for the equation (4) are
well known in the literature [10], but here we are deal-
ing with different boundary conditions. Our reduction
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2is the more natural extension of the problem considered
in [11] and studied also in [12] in a linear setting with
no external field. Here we study the nonlinear prob-
lem. Strong homeotropic anchoring conditions require
Θ
(
x,±L2
)
= 2kpi, for k ∈ Z, and Θ (x,±L2 ) = −2k′pi
for negative and positive x respectively. Thus, any non
constant solution must have at least a jump singularity
on the boundaries.
FIG. 1. Distribution of n (r) for the 2pi-helicoid, given in (9)
for n = 0. The picture shows a cross section of the configura-
tion at y = 0.
2pi - helicoids – A simple ansatz embodying the above
requirements corresponds to solutions depending sepa-
rately on the x and z variables [13]. Thus, we assume
Θ = 4 arctan [X (x)Z (z)] . (5)
Plugging this expression into (4) yields a 2-parameter
family of separated ODEs, namely,
X
′′
= 2aX3 +
(
Λ2 − d) X, (6)
Z
′′
Z
= −d− 2a
Z2
+ 2
(
Z ′
Z
)2
, (7)
where a and d are arbitrary integration constants. Inte-
gration of (6) can be performed by standard methods in
terms of Jacobi elliptic functions.
The step-like conditions on the boundaries force to
have Z
(±L2 ) = 0 and to look for functions X (x) mono-
tonic and unbounded, also at some finite point. Then,
one obtains
X (x) = ±
√
Λ2 − d
a
csch
(√
Λ2 − d x
)
, (8)
where a > 0 and Λ2 > d.
As for Z(z), the compatibility of the equation (7) with
the sine-Gordon (4) and the above boundary conditions,
set d = − pi2L2 , in order to have real θ with the semi-
period of the corresponding Z(z) exactly equal to the
thickness L of the sample. Thus, we are led to the general
expression
θn = 2 arctan
 cn `
pi (1 + 2n)
cos
(
pi(1+2n)z
L
)
sinh
(
cn `
x
L
)
− pi sign [x],
(9)
for n ∈ N, and where the effective scale ` = ΛL and
the modal factor cn =
[
1 + (1+2n)
2pi2
l2
] 1
2
have been in-
troduced. The asymptotic behaviour of this family of
solutions is θ
x→±∞−→ ∓ pi, that is, the director field n(r)
rotates by 2pi over the strip, as depicted in Fig. 1.
We first observe that the solution only depends on the
structural parameters L and Λ. Second, there exists an
entire spectrum of excitations indexed by n ≥ 0. Since
for n > 0 solutions are discontinuous at x = 0, the most
physically meaningful solution corresponds to θ0 (x, z) (
Fig. 1), which is continuous and differentiable at all
points of the strip but the special points
(
x = 0, z = ±L2
)
.
Here it exhibits a discontinuity of 2pi, indicating the pres-
ence of a disclination along the y direction.
Whilst the dependency on z is determined uniquely by
L, on the x variable the typical scale is Λ−1
(
1 + pi
2
`2
)− 12
,
which comes from the tendency of the external electric
field to align the molecules along its direction, further
enhanced by the anchoring of the bounding surfaces. We
also notice that solution (9) can be obtained by apply-
ing the nonlinear Bianchi’s superposition formula [14] for
two 1-kink solutions of the elliptic sine-Gordon, with pa-
rameters β1 and β2, respectively. In the present case the
Ba¨cklund transformations are compatible with the im-
posed boundary conditions, although some restrictions
on the parameters have to be introduced. Specifically,
the two 1-kink solutions must have opposite phase and
β1 =
1
β2
= cn+
√
c2n − 1. This result suggests that multi-
ple 2pi-helicoid solutions may be built up by finite meth-
ods.
Finally, let us observe that since the total change of
θ is 2pi, we can distinguish two regions where the direc-
tor rapidly passes through pi2 , sandwiched by three dif-
ferent regions in which the liquid crystal is close to the
uniform state. Around the disclination, θ0 has a confor-
mally invariant behaviour which, in cylindrical coordi-
nates x = ρ cos t, z = −L2 + ρ sin t, can be expressed as
a series with respect to ρ, namely,
θ0 = − sign [cos t]pi + 2t−
sin(2t)
(
`2 cos2 t+ pi2
)
6
( ρ
L
)2
+O
(( ρ
L
)4)
, 0 ≤ t ≤ pi. (10)
3Thus, θ0 is almost independent of the distance ρ from the
disclination. The corresponding singularity in the energy
signals a loss of order, and therefore, physically, in the
vicinity of the dislocation, the liquid crystal is melted
from the ordered to the disordered isotropic phase. To
avoid the singularity, we single out a small semi-disk, of
radius a  L2 , around the disclination and replace it
with a region in the isotropic phase, where it is common
practice to uniformly impose an energy density cut-off
Emax ≈ Ka2 with a ≈ 10−2 − 10−3L [12].
By using analytical solution (9), we can write down
an expression for the difference of energy with respect to
the nematic phase in the limit of small a, which, up to
second order, reads
∆E2pi =
K
3
[
24G+ 10 a2Λ2 + 12
√
pi2 + Λ2L2 + 3 a q0 log(16)− 2pi
(
6− 3 a q0 + 3Lq0 + 2 a2Λ2
+6 log
(
a
2L
)
+ 3 log
(
Λ2L2 + 2pi(pi +
√
pi2 + Λ2L2)
))]
, (11)
where G is the Catalan constant.
At thermal equilibrium, stable 2pi-helicoids may exist
if ∆E2pi < 0; from the latter condition, one can infer a
critical transition value for the chiral twist parameter as
a function of the external field Λ. Notice that due to the
presence of the external field, expansion (11) for small a
holds as far as Λ is not very high, which is true in the
range of interest. By neglecting the a2 contributions in
(11) and introducing the cut-off energy, we arrive at
∆E2pi = 2KL(qH − q0)
(
pi − 1
L
√
K
Emax (pi + log(4))
)
,
(12)
with
qH =
4G− 2pi + 2√pi2 + Λ2L2 + pi log (4L2 EmaxK )− pi log (Λ2L2 + 2pi(pi +√pi2 + Λ2L2))
L
(
pi − 1L
√
K
Emax (pi + log(4))
) , (13)
the critical chiral twist. Since the disclination radius has
an important effect in locating the phase transition, qH
might be used to estimate the effective size of the defects
appearing in real liquid crystal samples.
pi - helicoids – In a “more elementary” class of helicoids
the director n(r) twists only once, when going from the
vacuum state θ = pi at x→ −∞, to the nearest Z2 equiv-
alent one, namely θ = 0 for x→ +∞. Moreover, because
of the homeotropic anchoring, the boundary conditions
on the confining surfaces will be
θ
(
x, z = ±L
2
)
=
{
pi x < 0
0 x > 0
. (14)
Then, in such a kind of solutions, which we call pi-
helicoids, a couple of disclinations appear, parallel to the
y axis.
The analysis of the full nonlinear boundary value prob-
lem (4) and (14) is quite involved and one might tackle
it by starting from the methods developed in [15]. How-
ever, we managed to solve only the linear approximated
version, which surely holds in the asymptotic regions
x→ ±∞, by resorting to the techniques as in [16]. Thus,
by also exploiting the discrete symmetry property of (4)
θ (x, z) = pi − θ (−x, z) , (15)
one ends up with the pair of Helmholtz boundary value
problems
∂2xθ+ + ∂
2
zθ+ = Λ
2θ+ ∀ x > 0, (16a)
θ+
(
x, z =
±L
2
)
= 0 , θ+
(
x = 0+, z
)
=
pi
2
∀ |z| < L
2
,
∂2xθ− + ∂
2
zθ− = Λ
2 (θ− − pi) ∀ x < 0, (16b)
θ−
(
x, z = ±L
2
)
= pi , θ−
(
x = 0−, z
)
=
pi
2
∀ |z| < L
2
.
Therefore, from (15) θ− can be obtained from θ+ and
vice versa.
In principle, this system could be solved by standard
methods, however, the presence of the singularities at(
0,±L2
)
requires to adopt the method described in [16]
on the semi-strip. By introducing the analytic dispersion
functions on the punctured complex plane Cλ/{0}
Ω (λ) =
ıΛ
2
(
1
λ
− λ
)
, ω (λ) =
Λ
2
(
1
λ
+ λ
)
(17)
and the amplitudes in the Cλ plane
G1 (λ) =
ıpi
4
1− λ2
1 + λ2
eω(λ)L − 1
eω(λ)L + 1
, (18)
4G2 (λ) =
ıpi
4
1− λ2
1 + λ2
(
1− e−ω(λ)L
)
, (19) encoding the information about the boundary data, we
are led to the integral representation for θ+ (x, z)
θ+(x, z) =
−1
pi
[∫ 0
−∞
eΩ(λ)x+ω(λ)(z+
L
2 )G1 (λ)
dλ
λ
+
∫ 0
∞
eΩ(λ)x+ω(λ)(z−
L
2 )G1 (λ)
dλ
λ
−
∫ 0
−ı∞
eΩ(λ)x+ω(λ)(z+
L
2 )G2 (λ)
dλ
λ
]
. (20)
It is straightforward to prove that (20) satisfies the
Helmholtz boundary value problem (16a), by looking at
the analytic properties of the integrands in the lower half-
plane Cλ while suitably deforming the integration con-
tour. Here, the function G1 (λ) has the poles ( ` = ΛL)
PG =
{
−i
[√
`2 + (2n+ 1)2pi2 − pi(2n+ 1)
]
/L
}
n∈Z
.
(21)
Their residues lead to the series representation
θ+ (x, z) = 2
+∞∑
k=0
(−1)k
2k + 1
e−
x
√
pi2(2k+1)2+`2
L cos
(
pi(2k + 1)z
L
)
,
(22)
which cannot be cast in a factorised form as in (9). Using
expression (15) one can continuously complete the solu-
tion also for x < 0, except at the points
(
x = 0, z = ±L2
)
.
The exponential decaying in x has the characteristic
length ∆x ≈ 2L√
`2+pi2
. However, close to x = 0 the
linear approximation of the sine-Gordon might be un-
satisfactory. In addition, as x → 0, (22) tends to
the Fourier expansion of the pulse function of ampli-
tude pi2 , implying all well known convergence problems
at the discontinuity points. Moreover, the partial deriva-
tive ∂xθ (x→ 0±, z) is not continuous in z, whereas
∂zθ (x→ 0±, z) = 0. So the differentiability of θ on the
segment (x = 0, |z| < L/2) is lost.
In Fig. 2, n (x, z) is represented by using the formula
(22) up to k = 10. At
(
0,±L2
)
an overlap of directional el-
lipsoids occurs, thus giving rise to disclinations extended
in the orthogonal direction y. However, the actual config-
uration is sensible to the involved parameters, which con-
trol also how good the linear approximation is. To have
more insight in the pi-helicoids, a numerical boundary
value problem solver has been implemented for the full
nonlinear problem. The agreement between (22) and the
numerical solution improves as Λ increases. This stems
from the vanishing of the characteristic length ∆x.
Phase transition diagram – In order to assess the relative
stability of the solutions we have found above, i.e., pi- and
2pi-helicoids, we need now to perform an energy analy-
sis and to compare the solutions also with the uniform
nematic configurations to see which one is energetically
favoured in terms of the physical parameters involved,
namely q0 and Λ. Recalling that the chiral strength q0 is
FIG. 2. Distribution of the n (x, z) field for the pi-helicoid.
a function of the temperature (linear under certain condi-
tions), one could interpret the phase diagram as the result
of thermal-electric competitive effects in the formation
of the helicoids. When the energy of both solutions is
greater than zero, the homeotropic nematic phase is the
favoured one. It is important to note that the transitions
between the three different configurations occur along
two different curves (see Fig. 3). There are two differ-
ent thresholds in chirality strength, for fixed electric field,
also depending on the disclination size a/L. In Fig. 3, we
have set a/L = 10−2, although for smaller values of a/L
the shape of the diagram does not change. In particu-
lar, the curve between the nematic and pi-helicoid phases
should be the analogous of the straight line Λ0 =
pi|q0|
2 in
the bulk model [17]. Deviations from such a behaviour
are related to the anchoring, possibly leading to signifi-
cant variations in the value of the critical electric field.
Moreover, in [12] it was found a semi-empirical coexis-
tence curve between the homeotropic and the cholesteric
phase, providing the critical electric field ΛcL in terms
of the cholesteric twist q0L. Using the present notation,
such a relation reads
ΛcL =
√√√√√2γ2qL
(
qL− 2γ
)
1− (1−e−γqL)γqL
, (23)
5Homeotropic
2π-Helicoids
π-
H
el
ic
oi
ds
FIG. 3. Phase diagram in the plane Lq0, LΛ, representing the
nematic (blue), pi-helicoid (orange) and 2pi-helicoid (ochre)
phases. The dashed black line corresponds to the best fit to
(23).
with γ = K2/K and
qL = − 1
γ
W−1
(
−γL
2a
e−1−q0Lγ
)
, (24)
where Wk is the k-th branch of the Lambert W function
[18]. A fitting procedure to our numerical data leads to
γ = 1.054, in excellent agreement with our assumed one
constant approximation (i.e. γ = 1). The corresponding
best fit curve is displayed in Fig. 3 (black dashed line).
Conclusions – Summarizing, we have analytically found
2pi-helicoids which, in our knowledge, are novel config-
urations in bounded CLC with homeotropic anchoring,
allowed by the nonlinearity arising from the presence of
an external field. Analogously, we studied a different type
of helicoids, the pi ones. If the former configuration can
be derived in a closed form, for instance by the Ba¨cklund
transformations, for the latter we have obtained approxi-
mated expressions and numerical solutions. Both classes
of configurations are characterised by the presence of
disclinations, located at the boundaries. The disclina-
tions imply energy density divergences, which may be
overcome by introducing a phenomenological energy cut
off, corresponding to excluded regions of melted crystal.
Numerically, we provided a phase diagram in the pa-
rameters q0L and ΛL, which established the energetically
favoured configurations among them and the uniform ne-
matic phase and the corresponding transitions. In par-
ticular, for fixed value of the external field, we found
the sequence uniform-to-pi-to-2pi-helicoids as the value of
the chirality increases, as expected. The next step to be
taken might be the study of the existence of lattices of
helicoids, their interactions and the corresponding phase
diagram.
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